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Abstract. In this paper, we establish several inequalities for s— convex map- 
pings that are connected with the Riemann-Liouville fractional integrals. Our 
results have some relationships with certain integral inequalities in the litera- 
ture. 



1. INTRODUCTION 

Let / :7CK->lbea convex function defined on the interval I of real numbers 
and a < b. The following double inequality 

a 

is well known in the literature as Hadamard's inequality. Both inequalities hold in 
the reversed direction if / is concave. 

Let real function / be defined on some nonempty interval / of real line R. The 
function / is said to be convex on / if inequality 

f(tx + (1 - t)y) < tf(x) + (1 - t)f(y) 

holds for all x, y £ I and t £ [0, 1]. 

In [3], s— convex functions defined by Orlicz as following. 

Definition 1. A function f : R + — > R, where R + = [0, oo), is said to be s— convex 
in the first sense if 

f(ax + (3y)<a s f(x) + (3 s f(y) 

for all 6 [0, oo), a, ft > with a s + (3 s — 1 and for some fixed s € (0, 1]. We 
denote by the class of all s— convex functions. 

Definition 2. A function f : IR + — > R, where R + = [0, oo), is said to be s— convex 
in the second sense if 

f(ax + f3y)<a s f(x)+(3 s f(y) 

for all x,y S [0, oo), a,/3 > with a + /3 = 1 and for some fixed s G (0,1]. We 
denote by the class of all s— convex functions. 
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Orlicz defined these class of functions in [3] and these definitions was used in 
the theory of Orlicz spaces in [4] and [5] . Obviously, one can see that if we choose 
s = 1, both definitions reduced to ordinary concept of convexity. 

For several results related to above definitions we refer readers to [2] , [6] , [7] and 

In [6], Hadamard's inequality which for s— convex functions in the second sence 
is proved by Dragomir and Fitzpatrick. 

Theorem 1. Suppose that f : [0, oo) — > [0,oo) is an s— convex function in the 
second sence, where s G (0, 1) and let a, b G [0, oo), a < b. If f G L t ([a, &]), then the 
following inequalities hold: 

b 



(1.1) 



7 



< 



i 



f(x)dx < 



/(«) + f(b) 



1 



The constant k = -^J-j- is the best possible in the second inequality in tl.l\) . 

In [7], Kirmaci et al. obtained Hadamard type inequalities which holds for 
s— convex functions in the second sence. It is given in the next theorem. 

Theorem 2. Let f : I —¥ R, I C [0,oo) 7 be differ entiable function on 1° such that 
f G L\([a, b]), where a,b G I , a < b. If \f'\ q is s— convex on [a, b] for some fixed 
s G (0, 1) and q > 1, then: 
(1.2) 



f(a) + f(b) 



f{x)dx 



< 



(« + !)(« + 2) 



In [T] , Dragomir and Agarwal proved the following inequality. 
Theorem 3. Let f : 1° G K — > M be a differ entiable mapping on I°,a,b G 1° 
with a < b, and let p > 1. // the new mapping |/'| p_1 is convex on [a,b], then the 
following inequality holds: 



(1.3) 



f(a) + f(b) 



1 



f(x)dx 



< 



2(p+l)p 



\f'(a)\—i+\f'(b)\^ 



In |12j . Set et al. proved the following Hadamard type inequality for s— convex 
functions in the second sense via Riemann-Liouville fractional integral. 

Theorem 4. Let f : [a, b] C [0, oo) — >• M be a differ entiable mapping on (a, b) with 
a < b such that f G L[a,b]. If \ f'\ q is s— convex in the second sense on [a,b] for 
some fixed s G (0, 1] and q > 1, then the following inequality for fractional integrals 
holds 



(1.4) 

f(a)+f(b) 



r(a + l) 
2(6 -a) a 



[JZ + f(b) + J?-f(a)] 
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Now, we give some necessary definitions and mathematical preliminaries of frac- 
tional calculus theory which are used throughout this paper, see([9]). 

Definition 3. Let f G Li[a,b]. The Riemann-Liouville integrals J°+f and J£Lf of 
order a > with a > are defined by 



1 



T(a) 



(x — t) a 1 f(t)dt, x > a 



and 



r(a) 



(t - x) a ~ l f(t)dt, x < b 



respectively where T(a) = Je u u a 1 du. Here is J® + f(x) = J°_/(x) = f(x). 

o 

In the case of a — 1, the fractional integral reduces to the classical integral. For 
some recent results connected with fractional integral inequalities see ([10 ] -[T7 ] ). 
In order to prove our main theorems, we need the following lemma: 

Lemma 1. (see [18] J Let / : / C 1 4 K k a differentiable mapping on L with 
a < r, a,r E I. If f G L[a,r], then the following equality for fractional integral 
holds: 



f(a) + f(r) r(a+l) 



2(r _ a) ^W + /W + J?-/(a)] 
[(l-t) a -t a ] f'(r + (a-r)t)dt. 



2. MAIN RESULTS 

Theorem 5. Let f : [a, b] C [0, oo) — > K be a differentiable mapping on (a, b) 
with a < r < b such that f e L[a,b]. If \f'\ is s— convex on [a, b] for some fixed 
s G (0, 1], then the following inequality for fractional integrals holds 



f(a) + f(r) T(a + 1) 



^[JZ + f(r) + J?-f(a)} 



< 



2(r-a) 

; ( -,s+l,a+lj -p(-,a + l,8 + l 



1 



(a + s + 1) 2 a+s 



Proof. From Lemma 1 and using the properties of modulus, we get 



/(o) + /(r) r(a+l) 



< 



(l-t) a -t a \\f\r + (a-r)t)\dt. 



Since |/'| is s— convex on [a, 6], we obtain inequality 

\f(r +(a- r)t)\ = \f'(ta + (1 - t)r)\ < t s \f'(a)\ + (1 - t) s \f'(r)\ , t G (0, 1). 
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Hence, 



and 



/W + /W r(a + i) + 



< 



r — a 



+ 



2(r - a) a 



[(l-tr-n lt°\f'(a)\ + (l-ty\f(r)\]dt 



Jje-(l-tr\ [t°\f(a)\ + (l-ty\f(r)\}dt 



f 2 t s {l-t) a dt 
Jo 

i 

2 {l-t) s t a dt 

1 

1 2 t s+a dt 
Jo 



J (l-i) s «t = /5^; S +l, a + l 
J t s (l-t) a dt = p(^;a+l,s + l^ , 
^ (1 - = 



2 s + a + 1 (s + a + ^) , 



2 s + a + 1 {s + a + 1)' 



We obtain 



/(.) + /(r) r(o + i) w/(r) + , ? _ /(o)] 



2(r - a) c 



< 



r — a 



2 a+s - 1 



<[l,s + l,a + l)-p{ 1 -,a + l,s + l J {f% ^ 



□ 



Theorem 6. Let f : [a, b] C [0, oo) -illea differentiable mapping on (a, 6) wifft 
a < r < b such that /' G L[a, &]. J/ /'I 9 is s— convex in the second sense on [a,b] 
for some fixed s G (0, 1] and q > 1 with ^ + | = 1, then the following inequality for 
fractional integrals holds 



f(a) + f(r) r(a + l) 



[J a a + /(r) + J r Q _/(a)] 



< 



2 2(r-a) c 

r_a f 1 \^ / LfWH/'WrV 
2 Vap+1/ V * + l 



w/iere a G [0, 1]. 
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Proof. By Lemma 1 and using Holder inequality with the properties of modulus, 
we have 

/W+/W IXa + 1) 



< 



< 



2(r - a) c 
(l-t) a -t a \\f(r+(a-r)t)\dt 



' 1 \ P / 1 

| Kl-tr-t-I'dt) | \f'(r + (a-rW 



dt 



We know that for a e [0, 1] and V*i, *a S [0, 1], 

|*1 — *2 | ^ 1*1 ~~ M , 

therefore 



J \(1 - t) a - t a \ p dt < J\l-2t\ ap dt 
o o 

5 1 

= J [l-2t] ap dt + J [2t-l] ap dt 



1 



ap + 1 



Since l/'j 9 is s— convex on [a, b], we get 



f(a) + f(r) r(a + l) . . , 

K+/( r ) + - / r-/( a )J 



2(r - a) c 
l 



< 



r — a / 1 



2 V ap + 1 



f|/'(a)| v + (l-t)*|/'(r)| v d* 



1 \' ( \f(a)\ 9 + \f'(r)\ 9 y 
2 V^P+i/ V s + ! / 

which completes the proof. 

Corollary 1. If in Theorem® we choose r — b then, we have 



(2.1) 



< 



2(b- a y- 

>>-<>( i \Vl/W + ^'(^"v 

s + l 



2 \ap + l. 

Remark 1. //we choose a = 1 ve s = 1 in Corollary® then, we have 

b 

f(x)dx < 



/(«)+/(&) 1 



2 6 - a 

which is the inequality in \1.3\ 



b- 



2(p + l)» 



□ 



6 



M.EMlN OZDEMIr 1 , HAVVA KAVURMACI 4 , AND QETiN YILDIZ 1 ' 



Theorem 7. Let f : [a, b] C [0, oo) -!lfca differ entiable mapping on (a, b) with 
a < r < b such that f € L[a, b]. If \ f'\ q is s— convex in the second sense on [a, b] for 
some fixed s 6 (0, 1] and q>l, then the following inequality for fractional integrals 
holds 



/(a) + /(r) r(a + l) 



2(r - a) c 



[J: + f{r) + J?-f{a)] 



< 



r — a 



a + 1 V 2 Q 



1 \ / 1 \ 2 a+s — 1 



(!/'« + I/'MI") 



Proof. From Lemma 1 and using the well-known power mean inequality with the 
properties of modulus, we have 



< 



< 



r — a 



l-t) a -t a \\f'{r+{a-r)t)\dt 



\(l-t) a -t a \dt 



\{l-t) a -e\\f'{r+(a-r)t)\ q dt 



On the other hand, wc have 



/ |(1 -t) a -t a \dt = [' [{l-t) a -t a ]dt+ ( [t a - (1 - t) a ] dt 
Jo Jo J± 



a+l \ 2" 



Since j/'l 9 is s— convex on [a,b], we obtain 
|/'(r + (a - r)t)| g = |/'(ta + (1 - t)r)| 9 < t s \f'(a)\ q + (1 - i) s |/'(r)| 9 , t € (0, 1) 
and 



|(l-ir-i Q ||/'(r + (a-r)*)r^ < / |(1 - *) a - * a | [t 8 + (1 " *)' l/'WI'] * 

o Jo 

= / 2 [(1 - - n [i s + (1 - t) s \f(r)\ q ] dt 

Jo 

+ Jl r a - *n [t s \f(a)\ q + (i - o s irwn dt 
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Since 



t s (l -t) a dt 

_ 

'(1 - t) s t a dt 
t s+a dt 



(1 - t) s t a 



dt = $ ( -;s + l,a+ 1 



t s (l-£) a di = ^ ( -;a + l,s + l ) , 



(1 - t) s+a rft 



1 



2 s+Q + 1 (s + a + 1) 



and 



(1 - t) s+Q dt 



1 



s + a + 1 2 s+Q+1 (s + a + 1) 



Therefore, we have 



< 



a + 1 



2 Q 



^ -,s + l,a + l - / 9 -,a + l,s + l - 



2 «+s _ j 



(a + s + 1) 2 a+s 



{\f'(a)\ q +\f(r)\ q ) 
□ 



Remark 2. If we choose r — b in Theorem^ we obtain the inequality in of 
Theorem 

Remark 3. If we choose r — b and a = 1 in Theorem^ we obtain the inequality 
in {Hp of Theorem^ 

Theorem 8. Let f : [a, b] C [0, oo) — > R be a differ entiable mapping on (a, b) with 
a < r < b such that f 6 L[a,b]. If \f'\ q is s— concave on [a,b] and q > 1 with 
i + | = 1, i/ien £/ie following inequality for fractional integrals holds 



< 



r — a ( 1 



2^ V a P+ 1 



, f a + r 



Proof. From Lemma 1 and using Holder inequality, we have 



< 



< 



(l_i)«_t-||/'(r + (o-r)i)|dt 



p / i 



|(1 -i) a -t°fdH / |/'(r + (a-r)t)|*dt 
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Since \f'\ q is s— concave on [a,b],we get 



\f'(r+ (a - r)t)\ q dt < 2 



s-l 



r 



i ( a + r 



so 



2(r - a) c 



< 



1 



2 V Vap + i 



, ( a + r 



which completes the proof. 
Corollary 2. // we choose r = b in Theorem^ we obtain 
(2.2) 



□ 



[2. 

[3; 
[i 
[s: 

[6. 

[r 

p: 

[io; 

in 
[12: 
[is: 
[i4; 
[is; 



< 



6- a ( 1 



2^ \Q!P + 1 



, ( a + b 
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